Caratheodory completeness on the complex plane by Edigarian, Armen
ar
X
iv
:1
80
3.
08
71
4v
1 
 [m
ath
.C
V]
  2
3 M
ar 
20
18
CARATHE´ODORY COMPLETENESS ON THE COMPLEX
PLANE
ARMEN EDIGARIAN
Dedicated to the memory of Professor Jo´zef Siciak
Abstract. In 1975 N. Sibony [7] and, independently, M. A. Selby [6]
proved that on the complex plane c-completeness is equivalent to c-
finitely compactness. In the paper we give a local version of their results.
We also simplify the proofs.
1. Introduction
Let D = {λ ∈ C : |λ| < 1} denote the unit disk. For λ′, λ′′ ∈ D we define
the Mo¨bius function m on D as
m(λ′, λ′′) =
∣∣∣∣ λ′ − λ′′1− λ¯′λ′′
∣∣∣∣ ,
and the Poincare´ function p as p(λ′, λ′′) = 12 log
1+m(λ′,λ′′)
1−m(λ′,λ′′) .
Let X be a complex manifold. For x, y ∈ X put
cX(x, y) = sup{p(f(x), f(y)) : f ∈ O(X;D)},
c∗X(x, y) = sup{m(f(x), f(y)) : f ∈ O(X;D)},
where O(X;D) denotes the set of all holomorphic mappings X → D. The
function cX is called the Carathe´odory pseudodistance for X (see e.g. [5]).
In case, when cX is indeed distance we say that X is c-hyperbolic. A
c-hyperbolic manifold X is called c-complete if any cX -Cauchy sequence
{xν}ν≥1 ⊂ X converges to a point x0 ∈ X (w.r.t. ”usual” topology).
We say that a c-hyperbolic manifold X is c-finitely compact if any ball
Bc(x0, R) = {x ∈ X : cX(x, x0) < R} is relatively compact in X (w.r.t.
”usual” topology). It is known (see [7] and [6]) that on a domain in the
complex plane these two notions are equivalent. The aim of this paper is to
give a local version of the results of N. Sibony [7] and M. A. Selby [6], we
also simplify the proofs.
Theorem 1. Let Ω ⊂ C be a domain and let ζ ∈ ∂Ω be a boundary point.
Then the following conditions are equivalent:
Key words and phrases. Carathe´odory distance, completeness, Melnikov’s theorem,
peak function.
The author was supported in part by the Polish National Science Centre (NCN) grant
no. 2015/17/B/ST1/00996.
1
2 ARMEN EDIGARIAN
(1) the point ζ is a weak peak function for Ω, i.e., there exists an f ∈
O(Ω) ∩ C(Ω ∪ {ζ}) such that |f | < 1 on Ω and f(ζ) = 1;
(2) there exist no Borel finite measure µ on Ω such that
|f(ζ)| ≤
∫
|f |dµ for any f ∈ O(Ω) ∩ C(Ω ∪ {ζ}).
(3) there exist no Borel probability measure µ on Ω such that
f(ζ) =
∫
fdµ for any f ∈ O(Ω) ∩ C(Ω ∪ {ζ}).
(4) fix any a ∈ (0, 1). Then
∞∑
n=1
γ(An(ζ, a) \ Ω)
an
= +∞,
where An(ζ, a) = {z ∈ C : a
n+1 ≤ |z− ζ| ≤ an} and γ is the analytic
capacity (see [2] and definition below);
(5) for any sequence {zν}ν≥1 ⊂ Ω such that zν → ζ we have cΩ(z0, zν)→
∞;
(6) for any sequence {zν}ν≥1 ⊂ Ω such that zν → ζ we have {zν} is not
a cΩ-Cauchy sequence;
(7) for any sequence {zν}ν≥1 ⊂ Ω with zν → ζ there exists an f ∈ O(Ω)
such that |f | < 1 on Ω and f(zν)→ 1 when ν →∞.
Part of Theorem 1 for a domain Ω in CN is claimed in [1]. However, the
presented proof was based on a version of Hahn-Banach theorem given in
[4]. At the end of the paper we give a simple example, which shows that
this version of Hahn-Banach does not hold. So, at the moment we do not
know whether Theorem 1 holds true in higher dimension.
2. Conditions for existence of a peak function
Let F be any subset of C. We denote by R(F ) the set of all continuous
functions on F , which can be approximated by holomorphic functions on a
neighborhood of F . We say that x0 ∈ F is a peak point for R(F ) if there
exists a function f ∈ R(F ) such that |f | < 1 on F \{x0} and f(x0) = 1. The
next result (see e.g., Theorem 10.8 in Chapter VIII [2]) gives a description
of R(Ω ∪ {ζ}) for a domain Ω ⊂ C and a boundary point ζ ∈ ∂Ω.
Theorem 2. Let Ω ⊂ C be a domain and let ζ ∈ ∂Ω. For any f ∈ H∞(Ω)
there exists a sequence {fn}n≥1 ⊂ H
∞(Ω) with ‖fn‖Ω ≤ 17‖f‖Ω such that
fn → f locally uniformly on Ω and each fn extends holomorphically to a
neighborhood of ζ. Moreover, if f extends continuously to ζ then fn tends
to f uniformly on Ω.
In particular, R(Ω ∪ {ζ}) = O(Ω) ∩ C(Ω ∪ {ζ}).
Let us give a variation of 1/4-3/4 Bishop’s theorem (cf. Theorem 11.1
in Chapter II [2]), which is a standard technique in a construction of peak
functions.
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Theorem 3. Let X be a topological space and let x0 ∈ X. Assume that
there exists a sequence {fν}ν ⊂ C(X) and numbers 0 < r < 1 ≤ R such that
• |fν | ≤ R on X;
• fν(x0) = 1;
• for any x ∈ X \ {x0} there exists a k = k(x) such that |fν(x)| < 1
for any ν ≥ k.
• for any k ∈ N and any ǫ > 0 there exists an m0 such that for any
m ≥ m0 we have |fm| ≤ r on the set {z ∈ Ω : |fk(z)| ≥ 1 + ǫ}.
Then for any s ∈ (R−1
R−r , 1) there exists a subsequence {nk}
∞
k=1 such that for
a function h(x) = (1− s)
∑∞
k=1 s
kfnk(x) we have
(1) |h| < 1 on X \ {x0};
(2) h(x0) = 1;
(3) FN tends uniformly to h on X, where FN = (1− s)
∑N
k=1 s
kfnk .
Proof. Fix s ∈ (R−1
R−r , 1). Then R − 1 + s(r − R) < 0. Choose a sequence
ǫν ց 0 such that
ǫν−1(1− s
ν) + sν
(
R− 1 + s(r −R)
)
< 0, ν ≥ 1.
Now we are going to construct inductively a sequence of holomorphic func-
tions {hν}. Put h0 = 1 and h1 = f1. Assume that h0, h1, . . . , hν are con-
structed. Put
Wν = {x ∈ X : max
1≤j≤ν
|hj(x)| ≥ 1 + ǫν}.
By the assumptions there exists an mν such that for hν+1 = fmν we have:
• |hν+1| ≤ R on X;
• hν+1(x0) = 1;
• |hν+1| ≤ r on Wν .
Put h = (1 − s)
∑∞
j=0 s
jhj . Note that h(x0) = 1. Let us show that |h| ≤ 1
on X.
Assume that x 6∈ ∪νWν . Then |hν(x)| ≤ 1 for any ν ∈ N. Hence,
|h(x)| ≤ 1.
Note that W1 ⊂ W2 ⊂ . . . . Now assume that x ∈ Wν \Wν−1 (we put
W0 = ∅). Then
• |hj(x)| ≤ R+ ǫν−1 for 1 ≤ j ≤ ν − 1;
• |hν(x)| ≤ 1;
• |hj(x)| ≤ r for j > ν.
So, we have
|h(x)| ≤
1− s
R
{
(R+ ǫν−1)
ν−1∑
j=0
sj + sν + r
∞∑
j=ν+1
sj
}
< 1.
Note that h is a non-constant function and that h(x0) = 1. 
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Recall the definition of the analytic capacity. Let Ĉ = C ∪ {∞} denote
the Riemann sphere. The analytic capacity of a compact set K is defined
by
γ(K) = sup{|f ′(∞)| : f ∈ O(Ω), ‖f‖ ≤ 1, f(∞) = 0},
where Ω is the unbounded component of Ĉ \K and f ′(∞) = limz→∞ zf(z).
For any set F ⊂ C we put
γ(F ) = sup{γ(K) : K ⊂ F compacts}.
We have the following elementary result (c.f. Corollary 1.8 in Chapter VIII
[2])
Proposition 4. If K ⊂ C is a compact set then
γ(K) = inf{γ(U) : K ⊂ U open}.
One of the main result of this section is the following Curtis type result
(cf. Theorem 4.1 in Chapter VIII [2]).
Theorem 5. Let F ⊂ C be any subset and let ζ ∈ F . Assume that
lim sup
r→0+
γ(D(ζ; r) \ F )
r
> 0.
Then ζ is a peak point for R(F ).
Proof. There exists a sequence of holomorphic functions fj : Ωj → D such
that fj(∞) = 0 and
lim
j→∞
f ′j(∞)
rj
> 0,
where Ωj = Ĉ \Kj . Note that ∪
∞
j=1Ωj = Ĉ \ {ζ}. Consider a sequence of
functions
gj(z) =
(z − ζ)fj(z)
f ′j(∞)
, z ∈ Ωj.
Fix for a while j. From the maximum pronciple, for any z ∈ Ωj with
|z − ζ| ≥ rj we have |gj(z)| ≤
rj
f ′j(∞)
. Hence, |gj(z)| ≤
2
α
for any z ∈ Ωj
and big enough j. Moreover, gj(∞) = 1. Passing to a subsequence, we can
assume that the sequence gj converges to a bounded holomorphic function
g on Ĉ \ {ζ}. Hence, g ≡ 1. Put hj = 1− gj . Then hj(ζ) = 1, |hj | ≤ 1 +
2
α
,
and for any z ∈ Ĉ \ {ζ} we have hj(z) → 0 when j → ∞. Now we use
Theorem 3 to construct a peak function. 
Using the relation between the analytic capacity and the Lebesgue mea-
sure on the complex plane (see [2]) we get.
Corollary 6. Let F ⊂ C be a Borel set and let ζ ∈ F . Assume that
lim sup
r→0+
L(D(ζ; r) \ F )
r2
> 0.
Then ζ is a peak point for R(F ).
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In another words, if ζ is not a peak point for R(F ) then F is of full
measure at ζ, i.e., limr→0+
L(D(ζ;r)\F )
r2
= 0.
As a corollary of Melnikov’s result (see Theorem 4.5 in Chapter VIII in
[2]) and Bishops’s characterization of a peak point for a compact set (see
e.g. Theorem 2.1 in [9]) we have
Theorem 7. Let Ω ⊂ C be any domain and let ζ ∈ ∂Ω. Assume that
∞∑
n=1
γ(An(ζ; a) \ Ω)
an
< +∞.
Then there exists a compact set K ⊂ Ω∪{ζ} such that ζ is not a peak point
for R(K), and, therefore, there exists a Borel probability measure µ with
support in K such that
f(ζ) =
∫
Ω
fdµ for any f ∈ R(Ω ∪ {ζ}).
Let us finish this section with a generalization of a part of Melnikov’s
result.
Theorem 8. Let F ⊂ C be any subset and let ζ ∈ F . Let a ∈ (0, 1). If
∞∑
n=1
γ(An(ζ, a) \ F )
an
= +∞
then ζ is a peak point for R(F ).
Proof. The proof essentially is the same as in case of a compact set F (see
sufficiency part in Melnikov’s criterion, Theorem VIII.4.5 in [2]). Indeed,
from the definition it follows that for any n ∈ N there exists a compact set
Kn ⊂ An(ζ, a) \ F ) and a holomorphic function fn : Ĉ \Kn → D such that
fn(∞) = 0 and f
′
n(∞) ≥
1
2γ(An(ζ, a) \ F ). Having the family {fn}n∈N, we
just repeat the arguments given on page 206 in [2]. 
3. Proof of Theorem 1
We denote by M the set of all positive Borel finite measures in C. For
µ ∈M we define its Newton potential as M(z) =Mµ(z) =
∫
1
|w−z|dµ(w).
For any ζ, η ∈ C and any r > 0 we set
Fr(η) =
1
πr2
∫
D(ζ;r)
∣∣∣∣z − ζz − η
∣∣∣∣ dL(z),
where dL is the Lebesgue measure in C. We have the estimate
Fr(η) ≤
1
πr
∫
D(ζ,r)
1
|z − η|
dL(z) ≤ 2.
Hence,
∫
Fr(η)dµ(η) ≤ 2µ(C). So,
(1)
1
πr2
∫
D(ζ,r)
|z − ζ| ·M(z)dL(z) ≤ 2µ(C),
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and, therefore, M <∞ a.e. on C. The following result, which essentially is
a corollary of Fubini’s theorem, shows the behaviour of the left side of (1)
when r → 0 (see e.g. [8], Lemma 26.16).
Proposition 9. Let µ ∈M. For any ζ ∈ C we have
lim
r→0
1
πr2
∫
D(ζ,r)
|w − ζ| ·M(w)dL(w) = µ({ζ}).
In particular, if µ({ζ}) = 0 then for any ǫ > 0 the set
Π(ǫ) = {w ∈ C : |w − ζ| ·M(w) > ǫ}
is of zero density at ζ, i.e.,
lim
r→0
L(Π(ǫ) ∩ D(ζ, r))
πr2
= 0.
The proof of Theorem 1 is based on the following simple observation.
Proposition 10. Let F ⊂ C be any set and let ζ ∈ X. Assume that µ is a
Borel finite measure in C with µ({ζ}) = 0 such that
(2) |f(ζ)| ≤
∫
F
|f |dµ
for any f ∈ R(F ). Then for any η ∈ F we have
|f(η)− f(ζ)| ≤ 2‖f‖∞M(η)|η − ζ|.
Proof. Fix a function f ∈ R(F ) and a point η ∈ F \ {ζ}. It suffices to note
that f˜(z) = f(z)−f(η)
z−η ∈ R(F ) and use the inequality (2) to f˜ . 
As an immediade corollary we get.
Corollary 11. Let Ω ⊂ C be a domain and let ζ ∈ ∂Ω. Assume that µ is a
Borel finite measure in C such that
|f(ζ)| ≤
∫
Ω
|f |dµ
for any f ∈ H∞(Ω) which extends holomorphically to a neighborhood of ζ.
Then for any η ∈ Ω we have
|f(η)− f(ζ)| ≤ 2‖f‖∞M(η)|η − ζ|.
In particular, for any η1, η2 ∈ Ω we have
(3) c∗Ω(η1, η2) ≤ 34
(
|ζ − η1|M(η1) + |ζ − η2|M(η2)
)
.
Moreover, there exists a c-Cauchy sequence {ηn}n≥1 ⊂ Ω such that ηn → ζ.
Proof. First part follows from Corollary 11. For the second part, if
lim sup
r→0
L(D(ζ; r) \Ω)
πr2
> 0
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then from Corollary 6 there exists a function f ∈ R(Ω∪{ζ}) such that |f | < 1
on Ω and f(ζ) = 1. In particular, the measure µ as in the assumptions does
not exist. So,
lim
r→0
L(D(ζ; r) ∩ Ω)
πr2
= 1.
Then by Proposition 9 there exists a sequence {ηn}n≥1 ⊂ Ω with ηn → ζ
such that |ζ − ηn|M(ηn) ≤
1
2n . From Theorem 11 we get the result. 
Proof of Theorem 1. Note that implications (1) =⇒ (7) =⇒ (5) =⇒ (6)
and (2) =⇒ (3) are straightforward. The implication (6) =⇒ (2) is
proved above as a Corollary 11. And the implication (4) =⇒ (1) follows
from Theorem 8. 
4. A counterexample
Let V be a vector space. Following [4] we call a mapping Q : V →
[−∞,+∞) superlinear if:
(1) Q(cv) = cQ(v) for any c ≥ 0 and any v ∈ V ;
(2) Q(v1 + v2) ≥ Q(v1) +Q(v2).
In [4] the following version of a Hahn-Banach theorem is stated:
Let V be a vector space and let M ⊂ V be a vector subspace. Assume that
Q : V → [−∞,+∞) be a superlinear mapping. Then any linear operator
ℓ : M → R such that ℓ ≥ Q on M extends to a linear operator L : V → R
such that L ≥ Q on V .
The following elementary counterexample shows that it does not hold.
Example 12. Let V = R2 and let M = R× {0}. We put
Q(x, y) =
{
−∞ if y ≤ 0
0 if y > 0
and ℓ(x, y) = x. We have ℓ ≥ Q onM . Moreover, Q is superlinear. However,
there is no linear L : V → R such that L = ℓ on M and L ≥ Q on V .
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